Phase Transition in Conformally Induced Gravity with Torsion 
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We have considered the quantum behavior of a conformally induced gravity in the minimal 
Riemann-Cartan space. The regularized one-loop effective potential considering the quantum fluc- 
tuations of the dilaton and the torsion fields in the Coleman- Weinberg sector gives a sensible phase 
transition for an inflationary phase in De Sitter space. For this effective potential, we have analyzed 
the semi-classical equation of motion of the dilaton field in the slow-rolling regime. 
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I. INTRODUCTION 



Among the four fundamental interactions in nature, the two feeble interactions are characterized by dimensional 
^sO ' coupling constants; those are the Fermi's coupling constant Gf — (300Gev)~ 2 and Newton's coupling constant 
(N i G N = (10 19 Gew)- 2 . 

The interactions with dimensional coupling constants of inverse mass dimensions are strongly diverse and non- 
renomalizable. However, from the success of Weinberg-Salam model, the weak interaction at a fundamental level is 
\^ • actually characterized by a dimensionless coupling constant, and the dimensional nature of Gp results from a spon- 
| taneous symmetry breaking. Indeed Gf — ^r, where = 300 Gev is the vacuum expectation value of Higgs field. 

The weakness of the weak interaction comes from the largeness of the vacuum expectation value of Higgs field Q . 

In the light of the above remarks, it is considerable that gravity is also characterized by a dimensionless coupling 
constant and that the weakness of gravity is associated with symmetry breaking at the high energy scale. Similarly to 
| Gf, Gn is given by the inverse square of the vacuum expectation value of a scalar field, dilaton. It was independently 
*~ — • proposed by Zee P] and Smolin p| that the Einstein-Hilbert action, 

cr 



can be replaced by the modified action 



s = J d A Vg(-\^ 2 R + \%m - VM), (2) 

where the coupling constant £ is dimensionless. The potential V((p) is assumed to attain its minimum value when 



u. 



then 



Through the spontaneous symmetry breaking, the symmetric phase of the scalar field transits to an asymmetric 
phase of the scalar field. On the analogy of the SU(2) x U(l) symmetry of the weak interactions, we can consider 
a symmetry which is broken through spontaneous symmetry breaking in the gravitational interactions. The most 
attractive symmetry is the conformal symmetry which rejects the Einstein- Hilbert action Eq.(Q), but admits the 
modified action Eq.(|^) with the specific coupling £ = — i and quartic potential. We can write down a conformally 
invariant induced gravity action without introducing the torsion field. However, the spontaneous symmetry breaking 
mechanism does not work for the scalar field theory with £ = — g in De Sitter space. 

In the minimal Riemann-Cartan space, the vector torsion behaves effectively like a conformal gauge field [|J. The 
introduction of this torsion field makes the dimensionless coupling constant in Eq. (j2[) free in the conformally invariant 
induced gravity action. Therefore, it is necessary to introduce the torsion field into the conformally induced gravity. 
Since we expect that the conformal symmetry is broken at very high energy scale, it is natural to consider the 
conformal symmetry with an inflation scenario || . We have investigated the quantum behavior of the dilaton and the 
vector torsion field in the conformally induced gravity. The one-loop effective potential of this action exhibits kind of 
a phase transition which may be responsible for an inflation scenario p-J§. 



1 



II. CONFORMALLY INDUCED GRAVITY IN MINIMAL RIEMANN-CARTAN SPACE 

In this section we construct a conformally invariant induced gravity action with torsion field. Let us start from the 
condition of conformal invariance of the tetrad postulation 

D a e p = d a& % + uj) a e} 3 - I^e* = 0, (4) 

to find how the connection and the torsion behave under the conformal transformation, 

(<)' = exp(A(x))el (co)J=co) a . (5) 

We have used Latin indices for the tangent space and Greek indices for the curved space. From the above requirement, 
the asymmetric affine connection and the torsion which is the antisymmetric part of the connection transform as 
follows; 

W = ^ Q + ^ a A, (6) 

CtfJ = Tg a + qd a A-SZd fl A, (7) 

(T]J = T] a + 3d a A. (8) 

Therefore, the contracted torsion T^ a is effectively playing the role of a conformal gauge field. We can separate the 
torsion into two components; 

Tfr = A% - 5«S P + ^S 7 , (9) 

(S a )' = S a + d a A, (A%)' = A%. (10) 
To avoid the unnecessary complexity, we adopt the conformally invariant torsionless condition 

EE 0. (11) 

Because this condition is the conformally invariant extension of the torsionless condition in Riemann space TSL = 0, 
we call this space as the minimal Riemann-Cartan space. For this space, the affine connection is solved in terms of 
and S a ; 

T% = {%} + S"g M -Sp5«, (12) 
Let us define the conformally invariant connection, ^"^ 7 ; 

rv, = ^Vr + 8pS^, (13) 

^% = {/3 7 } + S a 9fii - Sffi - S 7 Sp. (14) 
The curvature tensor of the affine connection Tp* , 

-^ a /3^i/(r) = d^Vp v — dvVp^ + r^r^ — r^r^, (15) 

can be expressed in terms of ^V x p 1 and S a using Eq.(p"3]); 

^V( r ) = + s^h^, (16) 

R a „(T)=R av {n) + H aJ/ , (17) 
where = d^Sv — d v S^ is the conformal gauge field strength. With the help of Eqs.(|l2|) and ((lj), we obtain 

% fgR(n) = ^g-R({}) + 6^g-(V a S a -S a S a ), (18) 
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where V Q is the ordinary covariant derivative in Riemann space. 

Under the conformal transformations, the scalar field in 4-dimensions transforms as follow; 

c/>'(x) = exp(-A)^(x). (19) 

Finally, the conformally invariant Lagrangian function ecj) 2 R(il) up to total derivatives can be expressed as follows; 

^ 2 R(n) = ^<f> 2 R({}) - §^<fS a S a - S^d^ 2 . (20) 

Defining the conformally covariant derivative D a , 

D a <P = d a cf> + S a <f>, (21) 

we have the following expression of the conformally invariant induced gravity action in terms of g a p, S a and </>; 

S = J d A x^[-^R{^)4> 2 + ^D^D^ - -H aSi H^ - ^0*], (22) 

where we have excluded the curvature square terms. The parameter £ and A are dimensionless constants. Using 
Eq.(pof) we can rewrite this action in terms of Riemann curvature scalar i?({}); 



S = J d 4 ays[-f #({})4> 2 + \dc,<t>d a <l> ~ \H a pH a P + (1 + 6(i)S a (d Q ^ + i(l + - ^0 4 ]. (23) 

Here we are interested in the £ range, — ^ < ^ < 0. 

III. THE ONE-LOOP EFFECTIVE POTENTIAL IN DE SITTER SPACE 

In this section, we have found the one-loop effective potential of the above action in De Sitter space using the 
background field method and zeta- function regularization in Ref. 1 1 

We consider the quantum fluctuations of the scalar field <fi and the torsion field S a , and treat the metric <? M „ as a 
classical background field; 



S» = 4, 4> = 4>b + 4>- (24) 



Let us expand the action Eq.(|23|) around the background fields, then we have the quadratic action of the quantum 
fluctuations; 

h = J ^Xy/g[~iR{{})^ + ^djd a 4> - \<&4> 2 - \h, iv H^ - (1 + 60foV a S a 4> + \{l + 6OS«S a 2 }. (25) 
For the sake of convenience, we define a potential V as follows; 

V = \m{})0 2 + \<f = Vfa) + (26) 

By the Hodge decomposition theorem, one form in De Sitter space can be decomposed into two parts, a co-closed 
form 5^ and an exact form S£ because there is no harmonic one-form; 

= S£ + S£, (27) 

where the co-closed form S£ satisfies V^S^ = 0, and the exact form can be written as = <9 M x for a function \. 
The above decomposition is orthogonal; 

J d 4 ^S£Sl = 0. (28) 

Choosing the following gauge fixing term, 

AI a = \aj d 4 ^(V M S£ + a^l + 6£)<M 2 , (29) 
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and adding the gauge fixing term to the quadratic action Eq.(p5[) whose independent quantum fields are {S^, S 1 ^, (f>}, 
we have the following gauge fixed quadratic action of the quantum fluctuations; 

I 2 + AI 2 = ^J d 4 x^g[S£(-D^ + + (1 + 60$9^)St 

+ 0(_ D _ v»(<f> b ) + a -i(i + 60 2 <Pl)4>}- (30) 
The one- loop generating functional in the landau gauge in which a goes to the infinity (a — > oo) is 

Zl = [ det{^Q} / 

where Q = — □ without zero mode, = — □ + and R is the constant scalar curvature in De Sitter space. We have 
dropped the spurious zero mode integrations in the path integral because the zero mode of conformal factor can be 
absorbed into the fixed constant background of dilaton field. 

One-loop effective potential for the quantum fluctuations of the torsion vector and the scalar field in Coleman- 
Weinberg sector (we assume that A is order of (1 + 6£) 2 ) can be obtained using the zeta- function regularization 

0H; 

Vi(0) = V(4>) + In det{^\W + (1 + 6£)0 2 )}, (32) 

o 2 4 

where Q = 3 a is the volume of De Sitter space, and \i is a parameter with mass dimension. 
In the large radius limit, (1 + 6£)a 2 2 >> 1, the above effective potential becomes 

VM = V{4>)+ ^ 4> (In— ^ _) + __^i? i). (33) 



IV. SEMICLASSICAL EQUATION OF MOTION 

In this section we will analyze the semiclassical equation of motion for the scalar field and the metric considering the 
effective one-loop potential which has been obtained in the previous section. We have found the effective Lagrangian 
density as follows; 

y/gL BfJ = M-\m{})4> 2 + \<f#a a 4drt ~ V ef f(4>)}, (34) 

where 

V U \ A^ 4 3(l + 6C) 2 4 n (1 + 6Q0 2 3 (1 + 60- 2 (1 + n , ^ 

V'fM + ^ ( ln ~2 2 )+ 64tt 2 ( ^ !) + ft" ( 35 ) 

Here we have shifted the vacuum energy by p v which might be attributed to quantum corrections of other fields we 
have not considered. By varying the action Eq.(p4|), we get two equations of motion for the scalar field and the metric; 

8V tt 

n</> + &({})(/>=— 01, (36) 

^\R„ V - \g^R) = d^d v cj> - ^g^d a( f>d a - ag^ 2 - V M cU 2 ) + g^VefM, (37) 

where we have not considered the backward contribution of the curvature dependence of the effective potential into 
the Einstein equation (|§7|). 
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To investigate the symmetry-breaking equation in this model, let us look for the solution of these equations with 
(f> = er = constant. The scalar equation of motion Eq.(^6|) is reduced to the following; 

^({» = --^r ( 38 ) 

The trace of Einstein Eq. (H|) is 

- £i?({})0 2 + d a $d a <i> - W eff + 3£D0 2 = 0, (39) 
which implies for the constant = a 

ZR({}) = -± Veff (a). (40) 
With the help of Eqs.([58|) and (fio|), we have the symmetry- breaking equation; 

(-^ — ) \*=*~ 0- (41) 

Therefore, the symmetry breaking equation for the induced gravity is different from the usual &V qL s |^=<r = in the 
scalar theory with Einstein-Hilbert action. 

Presently, it is assumed that we are in the broken symmetry phase with <j) = a. If V e //(er) ^ 0, this uniform 
background energy density acts like a cosmological constant in Einstein equation. By the requirement of the vanishing 
of the cosmological constant in the true vacuum of flat space, the constant part of V e ff(cr, a) can be determined 



Pv = 128^ ' ( 42 ) 



From the Eq.(f4l|), we can express the parameter /x in terms of a as follows; 

. (1 + 6£)<t 2 1 8vr 2 A 

In De Sitter space, the metric can be written as 

ds 2 = dt 2 - e 2Ht dx 2 , (44) 



and the scalar curvature is R — —12H 2 . Using Eqs.([42|) and (f43|), the effective potential Eq.(33) for the dilaton field 
in De Sitter becomes 



where, for the sake of convenience, we have defined 



A 



4> s = a/O + W. °s = V0- + 60^ A s = (1 + 6e)2 , (46) 

and chosen the unit er s = 1. This effective potential governs the evolution of the dilaton field in De Sitter space 
through the equation of motion 

It is found that the effective potential (f45| ) shows a phase transition which is sensible for an inflationary scenario. 
The critical radius 1/H of the phase transition has been obtained at jj = 19 in the plotting of the one- loop effective 
potential ( f45| ) varying the radius -4 with the fixed X s = 1.0 and (1 + 6£) =0.1. 
The combination of Eqs.(|3r|) and ([39]) gives 

8V tr 

- d a cj)d a (j) + c/)—^ 1 - W eff + 3£D0 2 = 0. (48) 
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From the assumption that cj> is spatially homogeneous, the above Eq.(f48|) is reduced to 

(1 + 60(<5 + 3Hj> +^) + (v:, f (4>) - ~K//(<£)) = 0. (49) 

When £ = — ~, the induced gravity Lagrangian is consistent only if the form of the effective potential V e ff((j>) is 
quartic. Therefore, the spontaneous symmetry breaking is impossible for £ = — i in De Sitter space. The trace of 
Einstein Eq.(^9|) becomes 

12£H V + j> 2 + 6£{<P4> + 4> 2 + ZH<M>) ~ 4V ef f (4>) = 0. (50) 



We are interested in the inflationary solutions of Eqs.([49[) and (|50|), where the expansion rate H is very large in 
comparison with other quantities, and scalar field changes slowly (slow rollover) ll^Jl5]] ; 

\$\«3H\4\, \0 2 \«V eff (^). (51) 
In the slow-rolling inflationary regime, Eqs.(^9|) and ( |50| ) are reduced to the followings; 

3Hj> s = jVeff^s) - V' eff {cj>s) , (52) 

& = ^jP-VefM.) , (53) 

where 

^ (0 s)= ^ 4 2_ 1 ^_^_3 2 2 1 2_ A, 

In the slow-rolling phase, the contribution from the *¥*ll!st±L part of the driving term in the right-hand side of Eq.([5^) 

should be nearly equal to the contribution of the V e fA(f>s) term so that the dilaton field could roll down slowly 
compared with the expansion rate H. This slow rolling inflationary phase surely can not happen at the very center 
of the potential, but near the origin such that 

ln^87r 2 (^- , 2g - ). (55) 
Vs v 9 (l + 6£) 

When the scalar filed 4> s reaches 4> s = 1, it is expected that the dilaton field oscillates about the true vacuum 
with damping because the dilaton field can be coupled to other matter fields through Yukawa couplings Tr0r(<^)). 

3tr 4 

Through this dissipation process, the vacuum energy density of the symmetric phase, 12S ^i ; is eventually converted 
into radiation and matters. 



V. CONCLUSION 



We have considered that the Newton's gravitational constant Gn is generated through the spontaneous symmetry 
breaking of a conformal symmetry. It is possible to formulate the conformally induced gravity in Riemann space. 
However, the spontaneous symmetry breaking via radiative correction does not work for a scalar field with £ = — i. 
We have extended minimally the Riemann space to Riemann-Cartan space to incorporate the torsion vector which 
is effectively playing the role of a conformal gauge field, then the dimensionless coupling constant £ is arbitrary. 
With the introduction of the conformal gauge field, the mechanism of spontaneous symmetry breaking via radiative 
correction does work as in the case of the massless scalar electrodynamics. The computation of the one- loop effective 
potential is performed by zeta-function regularization in De Sitter space. Considering this effective potential, we have 
analyzed the semi-classical equation of motion of the dilaton field. We will consider the case of non-vanishing torsion 
background and the detail analysis of the effective potential within the context of inflation scenario later. 
Acknowledgments: This work was supported in part by the Ministry of Education through BSRI-93-206, the Center 
for Theoretical Physics of SNU and Hanyang University. 



G 



S. Weinberg, Phys. Rev. Lett. 19 ,1264 (1979). 

A. Zee, Phys. Rev. Lett. 42, 417 (1979). 

L. Smolin, Nucl. Phys. B160, 253 (1979). 

H.T. Nieh and M.L. Yan, Ann. Phys. (N.Y.) 138, 237 (1982). 

D. La, Phys. Rev D44, 1680 (1991). 

A.H. Guth and S-H Tye, Phys. Rev. Lett. 44, 631(1980). 
A.H. Guth, Phys. Rev D23, 347(1981). 
A.D. Linde, Phys. Lett. B108, 389(1982). 

A. Albrecht and P.J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982). 

B. S. Dewitt, Dynamical Theory of Group and Field, (Gordan and Breach, New York 1965). 
B. Allen, Nucl. Phys. B226, 228 (1983). 

S. Coleman and E.Weinberg, Phys. Rev D7, 1888 (1973). 
P.B. Gillkey, J. Diff. Geom. 10, 601 (1975). 

F.S. Accetta, D.J. Zoller and M.S. Turner, Phys. Rev D31, 3046 (1985). 

D.I. Kaiser, "Constraints in the Context of Induced- Gravity Inflation", (Preprint DART-HEP 93/06 3,stro-ph/930804J 



7 



